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Multiple Conclusion Rules in Logics with the
Disjunction Property
Alex Citkin
Metropolitan Telecommunications, New York
Abstract. We prove that for the intermediate logics with the disjunc-
tion property any basis of admissible rules can be reduced to a basis of
admissible m-rules (multiple-conclusion rules), and every basis of admis-
sible m-rules can be reduced to a basis of admissible rules. These results
can be generalized to a broad class of logics including positive logic and
its extensions, Johansson logic, normal extensions of S4, n-transitive log-
ics and intuitionistic modal logics.
1 Introduction
The notion of admissible rule evolved from the notion of auxiliary rule: if in a
given calculus (deductive system) S a formula B can be derived from a set of
formulas A1, . . . , An, one can shorten derivations by using a rule A1, . . . , An/B.
The application of such a rule does not extend the set of theorems, i.e. such a
rule is admissible (permissible). In [24, p.19] P. Lorenzen called the rules not ex-
tending the class of the theorems ”zula¨ssing”, and the latter term was translated
as ”admissible”, the term we are using nowadays. In [25] Lorenzen also linked
the admissibility of a rule to existence of an elimination procedure.
Independently, P.S. Novikov, in his lectures on mathematical logic, had in-
troduced the notion of derived rule: a rule A1, . . . , An/B is derived in a calculus
S if ⊢S B holds every time when ⊢S A1, . . . ,⊢S An (see [28, p. 30]1). And he
distinguished between two types of derived rules: a derived rule is strong, if
⊢S A1 → (A2 → . . . (An → B) . . . ) holds, otherwise a derived rule is weak.
For classical propositional calculus (CPC), the use of admissible rules is
merely a matter of convenience, for every admissible for CPC rule A1, . . . , An/B
is derivable, that is A1, . . . , An ⊢ B (see, for instance [1]). It was observed by
R. Harrop in [14] that the rule ¬p→ (q ∨ r)/(¬p→ q) ∨ (¬p→ r) is admissible
for the intuitionistic propositional calculus (IPC), but is not derivable in IPC.
Later, in mid 1960th, A.V. Kuznetsov observed that the rule (¬¬p → p) →
(p ∨ ¬p)/((¬¬p → p) → ¬p) ∨ ((¬¬p → p) → ¬¬p) is also admissible for IPC,
but not derivable. Another example of an admissible for IPC not derivable rule
was found in 1971 by G. Mints (see [26]).
1 This book was published in 1977, but it is based on the notes of a course that
P.S. Novikov taught in 1950th; A.V. Kuznetsov was recalling that P.S. Novikov had
used the notion of derivable rule much earlier, in this lectures in 1940th.
2In 1974 A.V. Kuznetsov asked whether admissible for IPC rules have a finite
basis, that is, whether there is a finite set R of admissible for IPC rules such
that every admissible for IPC rule can be derived from R. Independently, in [10,
Problem 40] H. Friedman asked whether the problem of admissibility for IPC is
decidable, that is, whether there is a decision procedure that by a given rule r
decides whether r is admissible for IPC. Also, in [30] W. Pogorzelski introduced a
notion of structural completeness: as deductive system S is structurally complete
if every admissible for S structural rule is derivable in S. Thus, CPC is structurally
complete, while IPC is not. Naturally, a question which intermediate logics are
structurally complete has been posed. Thus, for intermediate logics, and, later,
for modal and various types of propositional (and not only propositional) logics,
for a given logic L, first, we ask (a) whether L is structurally complete, that is,
whether there are admissible for L not derivable rules; if L is not structurally
complete, we ask (b) whether admissible for L rules have a finite, or at least
recursive2, basis; or, at last, (c) whether a problem of admissibility for L is
decidable3.
It was established by V. Rybakov (see [33, 34]) that there is no finite basis of
admissible for Int (and S4) rules, i.e. Kuznetsov’s question has a negative answer,
but the problem of admissibility for Int (and S4) is decidable, i.e. Friedman’s
problem has a positive answer. Later, using ideas from [33, 34], V. Rybakov has
constructed a basis of admissible rules for S4 (see [38]). For Int, P. Rozie´re (see
[32] and R. Iemhoff (see [15]), using different techniques, have found a recursive
basis of admissible rules. Using this technique, R. Iemhoff has found the bases of
admissible rules for different intermediate logics (see [17, 16]). Some very useful
information on admissibility in intermediate logics as well as in modal logics can
be found in the book [37] by V. Rybakov.
In the review [22] on aforementioned book [37], M. Kracht suggested to study
admissibility of multiple-conclusion rules: a rule A1, . . . , An/B1, . . . , Bn is admis-
sible for a logic L if every substitution that makes all the premises valid in L,
makes at least one conclusion valid in L (see also [23]). A natural example of
multiple-conclusion rule (called m-rule for short) admissible for IPC is the follow-
ing rule, representing the disjunction property (DP for short): DP := p ∨ q/p, q.
That is, if a formula A ∨ B is valid in IPC, then at least one of the formulas
A,B is valid in IPC (for more on disjunction property see [5]). It was reasonable
to ask the same questions regarding m-rules: whether a given logic has admis-
sible, not derived m-rules, whether m-rules have a finite or recursively enumer-
able basis, or whether the admissibility of m-rules is decidable. The bases of
m-rules for a variety of intermediate and normal modal logics were constructed
in [19, 20, 13, 11, 12].
2 Using idea from [8], it is not hard to show that if a logic has a recursively enumerable
explicit basis of admissible rules, it has a recursive basis.
3 In [6] A. Chagrov has constructed a decidable modal logic having undecidable admis-
sibility problem, and gave a negative answer to V.Rybakov’s question [35, Problem
(1)]. The problem whether there exists a decidable intermediate logic with undecid-
able admissibility problem remains open.
3For logics with the DP, there is a close relation between m-rules and rules:
with each m-rule r := Γ/∆ one can associate a rule rq :=
∧
Γ ∨ q/
∨
∆ ∨ q,
where variable q does not occur in formulas from Γ,∆. Our goal is to prove that
if m-rules ri, i ∈ I form a basis of m-rules admissible for a given intermediate
logic L with the DP, then rules rq, i ∈ I form a basis of rules admissible for L
(comp. [19, Theorem 3.1]). To prove this, we will use the main theorem from [7].
As a consequence, we obtain that for intermediate logics with the DP, each of
the mentioned above problems for the m-rules and rules are equivalent. In the
last section, we will discuss how this result can be extended beyond intermediate
logics. In order to extend the results from intermediate logics to normal extension
of S4, we are not using Go¨del-McKinsey-Tarski translation; instead, we make a
use of some common properties of the algebraic models (Heyting algebras and
S4-algebras), and this gives us an ability to extend the results even further.
2 Background.
2.1 Multiple-Conclusion Rules.
We consider (propositional) formulas built in a usual way from the propositional
variables from a countable set P and connectives from a finite set C. By Fm we
denote the set of all formulas, and by Σ we denote the set of all substitutions,
that is the set of all mappings σ : P → Fm. In a natural way, every substitution
σ can be extended to a mapping Fm→ Fm.
A multiple-conclusion rule (m-rule for short) is an ordered pair of finite sets
of formulas Γ,∆ ⊆ Fm written as Γ/∆; Γ is a set of premises, and ∆ is a set of
conclusions. A rule is an m-rule, that has the set of conclusions consisting of a
single formula.
A structural multiple-conclusion consequence relation (m-consequence for short)
is a binary relation ⊢ between finite sets of formulas for which the following holds:
for any formula A ∈ Fm and any finite sets of formulas Γ, Γ ′, ∆,∆′ ⊆ Fm
(R) A ⊢ A;
(M) if Γ ⊢ ∆, then Γ ∪ Γ ′ ⊢ ∆ ∪∆′;
(T) if Γ,A ⊢ ∆ and Γ ′ ⊢ A,∆′, then Γ ∪ Γ ′ ⊢ ∆ ∪∆′;
(S) if Γ ⊢ ∆, then σ(Γ ) ⊢ σ(∆) for each substitution σ ∈ Σ.
A class of all m-consequences will be denoted by M.
Let ⊢ be an m-consequence and r := Γ/∆ be an m-rule. An m-rule r is
derivable w.r.t. ⊢ (in written ⊢ r), if Γ ⊢ ∆.
Every collection R of m-rules defines an m-consequence ⊢R, namely, the least
m-consequence relative to which every rule from R is derivable:
⊢R:=
⋂
{⊢ ∈ M |⊢ r for every r ∈ R}.
An m-rule r is said to be derivable from a set of m-rules R (in written R ⊢ r),
if ⊢R r.
4Every m-consequence ⊢ defines a logic L(⊢)⇌ {A ∈ Fm |⊢ A}. If L is a logic,
an m-rule Γ/∆ is said to be admissible for L if for every substitution σ ∈ Σ
σ(Γ ) ⊆ L entails σ(∆) ∩ L 6= ∅.
If L is a logic, by Adm(L) we denote a set of all m-rules admissible for L, and by
Adm(1)(L) we denote a set of all rules admissible for L.
Given a logic L, a set of m-rules R forms an basis of admissible m-rules (m-
basis for short), if every rule r ∈ Adm(L) is derivable from R; and a set of rules R
forms a basis of admissible rules (s-basis for short), if every rule r ∈ Adm(1)(L)
is derivable from R.
2.2 Algebraic Semantics.
Basic Definitions. Algebraic models for intermediate logics are Heyting al-
gebras, that is algebras 〈A;∧,∨,→,¬,1,0〉, where 〈A;∧,∨,1,0〉 is a bounded
distributive lattice, and→,¬ are respectively a relative pseudo-complement and
a pseudo-complement.
Let A be a (Heyting) algebra, A be a formula, r′ := A1, . . . , An/B be a
rule and r := A1, . . . , An/B1, . . . , Bm be an m-rule. A formula A is valid in a
(Heyting) algebra A (in written, A |= A) if for every assignment ν : P → A
the value ν(A), that is, the value obtained by interpreting the connectives by
operations of A, is 1. Accordingly, rule r′ is valid in A (in written, A |= r′), if
for every assignment ν, if ν(A1) = · · · = ν(An) = 1 yields ν(B) = 1. And m-rule
r if for every assignment ν, ν(A1) = · · · = ν(An) = 1 yields that at least for
some j = 1, . . . ,m, ν(Bj) = 1.
Let K be a set of algebras. If F is a family of formulas (R′ is a family of rules,
or R is a family of m-rules), then by K |= F (K |= R′ or K |= R) we mean that
every formula (rule of m-rule) is valid in each algebra A ∈ K.
Immediately from the definition of validity of rule, we have the following:
Proposition 1 Let r be a rule and Ai, i ∈ I be a family of algebras. Then,
Ai |= A for all i ∈ I if and only if
∏
i∈I Ai |= r.
Let us observe that for m-rules the situation is quite different: if A is a
two-element Boolean algebra, then A |= DP, but A2 6|= DP.
It is not hard to see that any set of formulas F defines a variety V(F ) ⇌
{A | A |= F}; any set R′ of rules defines a quasivariety Q(R) = {A | A |= R′};
any set R of m-rules defines a universal class U(R) = {A | A |= R′}).
On the other hand, if K is a family of algebras, by V(K), Q(K) and U(K),
we denote respectively a variety, quasivariety and universal class generated by
algebras K.
There is 1-1-correspondence between intermediate logics and non-trivial va-
rieties of Heyting algebras. Moreover, there is 1-1correspondence between con-
sequence relations and subquasivarieties of H, and between m-consequences and
universal subclasses of H (see, for instance, [3]). If V is a variety corresponding
to a logic L, then a formula A is valid in L (a rule r′ is admissible for L, or an
5m-rule r is m-admissible for L) if and only if FV |= A (accordingly FV |= r′, or
FV |= r.
Let us note the following important property: if R is a set of m-rules (or
rules) and r is an m-rule (or a rule), then R ⊢ r if and only if
A |= R entails A |= r for every algebra A ∈ H. (1)
Well-connected Algebras. An algebra A is called well-connected, if for every
a,b ∈ A, if a ∨ b = 1, then a = 1 or b = 1.
The class of all Heyting algebras forms a variety H, and the free algebras of
H are well-connected.
Proposition 2 Let A be a well-connected algebra, Γ/∆ be an m-rule and q be
a variable not occurring in Γ/∆. Then the following is equivalent
(a) A |= Γ/∆;
(b) A |= Γ/
∨
B∈∆B;
(c) A |=
∧
A∈Γ A ∨ q/
∨
B∈∆B ∨ q;
Proof. (a) ⇒ (b) is trivial.
(b) ⇒ (a) due to well-connectedness of A.
(b) ⇒ (c). Suppose A 6|=
∧
A∈Γ A ∨ q/
∨
B∈∆B ∨ q. We need to prove that
A 6|= Γ/
∨
B∈∆B.
Indeed, let ν be a refuting valuation, that is
∧
A∈Γ
ν(A) ∨ ν(q) = 1A while
∨
B∈∆
ν(B) ∨ ν(q) 6= 1A. (2)
Then, clearly, ∨
B∈∆
ν(B) 6= 1A (3)
and
ν(q) 6= 1A. (4)
Due to well-connectedness of A, from (2) and (4) we have
∧
A∈Γ
ν(A) = 1A. (5)
And (5) together with (3) mean that ν is a refuting valuation from Γ/
∨
B∈∆B,
that is, A 6|= Γ/
∨
B∈∆B.
(c)⇒ (b). Since q does not occur in the formulas from Γ,∆, we can substitule
q with 0A and reduce (c) to (b).
The above Proposition can be restated in the following way:
Corollary 3 Let A be a well-connected algebra, r be an m-rule and q be a vari-
able not occurring in r. Then A |= r if and only if A |= rq.
63 The Case of Intermediate Logics.
In this section we prove that for the intermediate logics with the disjunction
property, any basis of admissible rules can be reduced to a basis of admissible
m-rules (multiple-conclusion rules), and every basis of admissible m-rules can be
reduced to a basis of admissible rules.
3.1 Reductions.
We consider formulas in the signature ∧,∨,→,¬,⊥,⊤. Intermediate logic is un-
derstood as a set of formulas L such that Int ⊆ L ⊂ Fm and closed under
Modus Ponens. By ⊢Int we denote a consequences relation defined by intuition-
istic axiom schemata and the rule Modus Ponens. In this section we consider
only m-consequences extending ⊢Int and defining intermediate logics. Clearly,
for each intermediate logic L there is an m-consequence defining it: one can take
a consequence relation that is defined by L (viewed as a set of axiom schemata)
and by Modus Ponens.
A (intermediate) logic L enjoys the disjunction property (DP for short) if
(A ∨B) ∈ L yields A ∈ L or B ∈ L for any formulas A,B. It is clear that L has
the DP if and only if m-rule
DP := p ∨ q/p, q
is admissible for L.
Definition 1. Let r := Γ/∆ be an m-rule. The following rule is called a reduc-
tion of rule r:
r
◦
⇌
∧
A∈Γ
A/
∨
B∈∆
B, (6)
where
∧
A∈Γ A = ⊤, if Γ = ∅, and
∨
B∈∆B = ⊥, if ∆ = ∅.
Note, that the rule r◦ is always a single-conclusion rule.
As we know, rule DP expresses the DP and the following holds:
Proposition 4 Let R be a set of rules from which DP is derived, and r := Γ/∆
be an m-rule. Then
R ⊢ r if and only if R ⊢ r◦. (7)
Proof. (⇒) Suppose R ⊢ r , that is, Γ ⊢R ∆. We need to prove R ⊢ r
◦, that is,
we need to show that
∧
A∈Γ A ⊢R
∨
B∈∆B.
If ∆ = ∅, then Γ ⊢R ∅ yields Γ ⊢R ⊥, because ⊢R is closed under (M). In its
turn, Γ ⊢R ⊥ entails
∧
A∈Γ A ⊢R ⊥, for Γ ⊢Int
∧
A∈Γ A, and ⊢Int ⊆ ⊢R.
The case ∆ = {B} is trivial.
Suppose ∆ = {B1, . . . , Bn, Bn+1}. Let us prove that
Γ ⊢R B1, B2, ∆
′ yields Γ ⊢R B1 ∨B2, ∆
′ (8)
7and then one can complete the proof of (⇒) by induction on cardinality of ∆.
Assume
Γ ⊢R B1, B2, ∆
′. (9)
Let us observe that B1 ⊢Int B1∨B2, and, by (M), we have B1 ⊢Int B1∨B2, B2, ∆′.
Since ⊢Int ⊆ ⊢R, we can conclude that
B1 ⊢R B1 ∨B2, B2, ∆
′. (10)
From (9) and (10) by (T) we have
Γ ⊢R B1 ∨B2, B2, ∆
′. (11)
Now, we use B2 ⊢Int B1 ∨B2, and by (M) and ⊢Int ⊆ ⊢R we get
B2 ⊢R B1 ∨B2, ∆
′. (12)
And from (11) and (12) by (T) we obtain
Γ ⊢R B1 ∨B2, ∆
′, (13)
and this completes the proof of ⇒.
Proof of (⇐). Suppose R ⊢ r◦, i.e.
∧
A∈Γ A ⊢R
∨
B∈∆B. Then, due to Γ ⊢Int∧
A∈Γ A, we get Γ ⊢R
∨
B∈∆B. And, since R ⊢ DP, we have
∨
B∈∆B ⊢R ∆.
Thus, Γ ⊢R ∆, that is, R ⊢ r.
3.2 q-Reductions.
Definition 2. With every m-rule r := Γ/∆ and a variable q we associate a rule
r
q :=
∧
A∈Γ
A ∨ q/
∨
B∈∆
B ∨ q. (14)
The rule rq we call a q-reduction of the rule r. If R is a set of m-rules and q is a
variable, we let Rq ⇌ {rq | r ∈ R}.
Proposition 5 If an m-rule Γ/∆ is admissible for a given logic L, then for
every substitution σ ∈ Σ the m-rule σ(Γ )/σ(∆) is admissible for L.
Proof. The proof follows immediately from the definition of admissible m-rule
and from the observation that a composition of two substitutions is a substitu-
tion.
Proposition 6 Let a logic L enjoys DP and q be a variable not occurring in an
m-rule r. Then m-rule r is admissible for L if and only if the rule rq is admissible
for L.
8Proof. Let r := Γ/∆ be admissible for L. We need to prove that for every sub-
stitution σ ∈ Σ,
if σ(
∧
A∈Γ
A ∨ q) ∈ L then σ(
∨
B∈∆
B ∨ q) ∈ L. (15)
Indeed, if σ(
∧
A∈Γ A ∨ q) ∈ L, by DP, one of the following holds
(a) σ(
∧
A∈Γ ) ∈ L;
(b) σ(q) ∈ L.
In the case (b), σ(q) ∈ L and, clearly, σ(
∨
B∈∆B ∨ q) = σ(
∨
B∈∆B)∨σ(q)) ∈ L.
In the case (a), σ(
∧
A∈Γ ) ∈ L, hence, due to r is admissible for L, we have
that σ(B) ∈ L for some B ∈ ∆ and, hence, σ(
∧
B∈∆B) =
∧
B∈∆ σ(B) ∈ L.
Therefore σ(
∧
B∈∆B ∨ q) ∈ L.
Conversely, suppose that rq is admissible for L. Recall that the variable q is
not occurring in Γ,∆, and let ψ be a substitution such that ψ : q 7→ ⊥ and
ψ : p 7→ p for all variables p 6= q. By virtue of Proposition 5, the following rule,
obtained from rq by applying ψ,
∧
A∈Γ
A ∨ ⊥/
∨
B∈∆
B ∨⊥. (16)
is admissible for L.
Assume that σ is such a substitution that σ(A) ∈ L for all A ∈ Γ . Then,
σ(
∧
A∈Γ A ∨⊥) ∈ L, and, due to rule (16) is admissible for L, we have
σ(
∨
B∈∆
B ∨⊥) ∈ L.
Since σ(
∨
B∈∆B∨⊥) =
∨
B∈∆ σ(B)∨⊥ and the right hand formula is equivalent
in Int to
∨
B∈∆ σ(B), we have
∨
B∈∆
σ(B) ∈ L.
Due to logic L enjoys DP, for one of the formulas B ∈ ∆ we have σ(B) ∈ L, and
this, by the definition of admissibility, means that the rule r is admissible for L.
Corollary 7 Let L be a logic with the DP. Then if a rule Γ/∆ is admissible for
L, so is the rule
∧
A∈Γ A/
∨
B∈∆B.
Proof. Directly from the propositions 5 and 6.
Note. It is not hard to see that one can prove Corollary 7 without restriction
that L enjoys DP.
A problem of m-admissibility (of admissibility) for a logic L is a problem of
recognizing by a given m-rule (by a given rule) r whether r is admissible for L, i.e.
whether r ∈ Adm(L) (respectively, whether r ∈ Adm1(L)). Thus, the problem of
9m-admissibility (of admissibility) for L is decidable if and only if the set Adm(L)
(the set Adm1(L)) is recursive. Recall that two decision problems are equivalent,
if they are reducible to each other.
Since Adm1(L) ⊆ Adm(L) for every L and for every m-rule r we can effectively
recognize whether r has a single conclusion, or not, that is, we can effectively rec-
ognize whether r ∈ Adm1(L), the decidability of the problem of m-admissibility
yields the decidability of the problem of admissibility. In case when L enjoys the
DP, the converse also holds.
Corollary 8 For every logic L enjoying DP, the problems of m-admissibility and
admissibility are equivalent. In other words, the set Adm(L) is recursive if and
only if the set Adm1(L) is recursive.
For instance, it is well known that Int enjoys the DP, hence from decidabil-
ity of the admissibility of rules for Int (see [33]) it follows that the problem of
m-admissibility for Int is decidable (in algebraic terms, that the universal theory
of the free Heyting algebras is decidable [33, Theorem 10]) .
Remark 1. It is known from [31] that Medvedev’s Logic ML is structurally com-
plete and enjoys DP. From Proposition 6 it immediately follows that the rule DP
forms an m-basis of ML. It is not hard to see that m-rule DP is not derivable in
ML. In fact, for any intermediate logic L m-rule DP is not derivable from rules
admissible for L: all rules admissible for L are valid in the four-element Boolean
algebra, while m-rule DP is not.
3.3 Reduction of basis
In Section 3.1 we saw that for the logics with the DP, the admissibility of m-rule
and its reduction are equivalent. In this section we will prove that the m-rules
and their q-reductions are related even closer. More precisely, we will prove that
using any basis of m-rules, one can effectively construct a basis of rules, and,
using any basis of rules, one can construct a basis of m-rules.
Theorem 9. Let L be a logic enjoying DP. Then the following holds
(a) If rules R form an s-basis, then m-rules R ∪ {DP} form an m-basis.
(b) If a set of m-rules R forms an m-basis and q is a variable not occurring in
any rule from R, then the rules Rq form an s-basis.
Proof of (a)
Suppose R is a basis for L. We need to prove that every rule Γ/∆ ∈ Adm(L) is
derived from R∪DP. So, we need to prove that for every admissible m-rule Γ/∆
we have Γ ⊢R∪DP ∆.
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Indeed, if r := Γ/∆ is an admissible m-rule, by Corollary 7, the rule r◦ =∧
A∈Γ A/
∨
B∈∆B is admissible for L. By our assumption, R is a basis, hence,
R ⊢ r◦, that is, ∧
A∈Γ
A ⊢R
∨
B∈∆
B. (17)
Note, that the following holds for ⊢Int
Γ ⊢Int
∧
A∈Γ
A. (18)
Due to ⊢Int⊆⊢R, from (18) we have
Γ ⊢R
∧
A∈Γ
A. (19)
Recall, that ⊢R is closed under (T), hence, from (19) and (17) we have
Γ ⊢R
∨
B∈∆
B, (20)
and, therefore,
Γ ⊢R∪DP
∨
B∈∆
B. (21)
Next, we apply Proposition 4 and we obtain
Γ ⊢R∪DP ∆, (22)
i.e. R ∪ DP forms a basis.
Proof of (b)
Suppose R is a basis of admissible m-rules and q is a variable not occurring in
the rules from R. We need to prove that the set Rq forms a basis of admissible
rules. For this, we will demonstrate that Q = Q(F), where Q := Q(Rq) and F is
a free algebra of countable rank of a variety V(L).
Let F be a free algebra of V(L). Since L enjoys DP, F is well-connected.
Due to rules R are admissible for L, the rules from R are valid in F. Hence,
by Proposition 2, all rules from Rq are valid in F, that is, F ∈ Q. Therefore,
Q(F) ⊆ Q, and we need only to prove that Q(F) ⊇ Q.
For contradiction: assume that Q(F) ⊂ Q. Then there is an algebra A ∈
Q \ Q(F) in which all rules from Rq are valid. By virtue of [7, Theorem 1], the
quasivarietyQ is generated by its well-connected members. Thus, we can assume
that A is well-connected. So, A is a well-connected algebra in which all rules
from Rq are valid. Hence, by Proposition 2, all m-rules from R are valid in A,
hence, A ∈ U , where U = U(R) is a universal class defined by all rules from R.
Recall, that R forms an m-basis and, therefore, U = U(F) ⊆ Q(F). Thus,
A ∈ U ⊆ Q(F),
and this contradicts that A ∈ Q \Q(F).
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Corollary 10 Let L be a logic with the DP. Then L has a finite (recursive,
recursively enumerable) s-basis if and only if L has a finite (recursive, recursively
enumerable) m-basis.
For example, since Int does not have a finite basis of admissible rules (see
[34, Corollary 2]), Int does not have a finite basis of admissible m-rules too [34,
Theorem 9].
Corollary 11 If L is a logic with the DP and R is an s-basis, then Rq is an
s-basis too. In other words, every intermediate logic with the DP has an s-basis
consisting of q-extended rules.
The bases consisting of q-reductions of rules also have the following important
property.
Theorem 12. Let L be a logic with the DP. If Rq is an independent s-basis,
then Rq ∪ DP is an independent m-basis.
Proof. Assume that Rq is an independent basis. First, we will prove that Rq 0
DP. Indeed, since L is an intermediate logic and, therefore, L is consistent, the
corresponding variety V := V(L) is not trivial. Hence, its free algebra FV is
not degenerate. Since all rules from Rq are admissible for L, we have FV |= R.
Therefore, by Proposition 1, we get F2
V
|= Rq. But F2
V
6|= DP.
Now, let us assume that rq ∈ Rq. We need to prove that Rq0 ∪DP 0 r
q, where
R
q
0 := R
q\{rq}. Let us recall that basis Rq is independent, that is, Rq0 0 r
q. Hence,
there is an algebra A such that A |= Rq0 and A 6|= r
q. By [7, Lemma 1], A is a
subdirect product of well-connected algebras Ai, i ∈ I in which all rules R0 are
valid. Let A := {Ai, i ∈ I}. Due to all algebras from A being well-connected,
A |= R0 yields A |= R
q
0. Since A 6|= r
q, there is an algebra Aj ∈ A such that
Aj 6|= rq . Now, let us observe that the rule DP is valid in every well-connected
algebra, hence Aj |= R
q
0 ∪DP, but Aj 6|= r
q. And this completes the proof of the
theorem.
Example 1. The m-bases for Gabbay-de Jongh logics Dn have been constructed
in [13]: the m-rules Ji, i ≤ n+ 1 (see [13, Definition 17]) form a basis of m-rules
of Dn for all n. By Theorem 9, J
q
j , j ≤ n+1 is a basis of admissible rules of logic
Dn for all n.
4 Beyond Intermediate Logics.
Let us note that all proofs are based either on general properties of quasivarieties
and universal classes, or on the results from [7]. It was observed in [7, Section 4]
that all results from [7] can be extended to the logics for which there is a formula
R(p) such that R(A) ∨ R(B) ∈ L yields R(A) ∈ L or R(B) ∈ L, that is to the
logics enjoying the DP relative to some formula R(p). In this case, corresponding
algebraic model A is called the well-connected if R(a) ∨ R(b) = 1A entails
R(a = 1A) or R(a = 1A).
Thus, Theorems 9 and 12 hold for the following classes of logics
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1. positive logic and its extensions (regarding admissibility for positive and
Johansson logoics see [29]);
2. minimal (Johansson) [21] logic and its extensions;
3. logic KM (see [27]) and its extensions
4. K4 and its normal extensions;
5. intuitionistic modal logic MIPC (e.g. [2]) and its normal extensions;
6. n-transitive logics (e.g. [4]).
For instance, for logics K4, S4,Grz or GL one can take the m-basis (see [18])
and convert it into a basis of rules (see [18, Theorem 6.4.] where the same
reduction as in Theorem 9 was used). Or one can take a basis of admissible rules
of S4 (see [38]), and convert it into am m-basis. Let us note that the proofs in
[18] and [38] are based on certain properties of Kripke models. On the other
hand, an m-basis for logic GL can be obtained simply by extending the s-basis
constructed in [9] by m-rule 0p∨0q/0p,0q, where 0α⇌ α∧α. Taking
into account that GL does not have finite s-basis (see [36, Theorem 17]), we can
conclude that GL has no finite m-basis.
References
[1] Belnap, Jr., N. D., Leblanc, H., and Thomason, R. H. On not strengthening
intuitionistic logic. Notre Dame J. Formal Logic 4 (1963), 313–320.
[2] Bezhanishvili, G. Varieties of monadic Heyting algebras. I. Studia Logica 61, 3
(1998), 367–402.
[3] Cabrer, L., and Metcalfe, G. Admissibility via natural dualities. Journal of
Pure and Applied Algebra 219, 9 (2015), 4229 – 4253.
[4] Chagrov, A., and Zakharyaschev, M. Modal logic, vol. 35 of Oxford Logic
Guides. The Clarendon Press Oxford University Press, New York, 1997. Oxford
Science Publications.
[5] Chagrov, A., and Zakharyashchev, M. The disjunction property of interme-
diate propositional logics. Studia Logica 50, 2 (1991), 189–216.
[6] Chagrov, A. V. A decidable modal logic for which the admissibility of inference
rules is an undecidable problem. Algebra i Logika 31, 1 (1992), 83–93, 97.
[7] Citkin, A. A note on admissible rules and the disjunction property in intermediate
logics. Arch. Math. Logic to apper (2011), –.
[8] Craig, W. On axiomatizability within a system. J. Symbolic Logic 18 (1953),
30–32.
[9] Fedorishin, B. R. An explicit basis for the admissible inference rules in the
Go¨del-Lo¨b logic GL. Sibirsk. Mat. Zh. 48 (2007), 423–430. (In Russian)
[10] Friedman, H. One hundred and two problems in mathematical logic. J. Symbolic
Logic 40 (1975), 113–129.
[11] Goudsmit, J. A note on extensions: admissible rules via semantics. In Logi-
cal foundations of computer science, vol. 7734 of Lecture Notes in Comput. Sci.
Springer, Heidelberg, 2013, pp. 206–218.
[12] Goudsmit, J. Intuitionistic Rules Admissible Rules of Intermediate Logics. PhD
thesis, Utrech University, 2015.
[13] Goudsmit, J. P., and Iemhoff, R. On unification and admissible rules in
Gabbay–de Jongh logics. Ann. Pure Appl. Logic 165, 2 (2014), 652–672.
13
[14] Harrop, R. Concerning formulas of the types A → B
∨
C, A → (Ex)B(x) in
intuitionistic formal systems. J. Symb. Logic 25 (1960), 27–32.
[15] Iemhoff, R. On the admissible rules of intuitionistic propositional logic. J.
Symbolic Logic 66, 1 (2001), 281–294.
[16] Iemhoff, R. Intermediate logics and Visser’s rules. Notre Dame J. Formal Logic
46, 1 (2005), 65–81.
[17] Iemhoff, R. On the rules of intermediate logics. Arch. Math. Log. 45, 5 (2006),
581–599.
[18] Jerˇa´bek, E. Admissible rules of modal logics. J. Logic Comput. 15, 4 (2005),
411–431.
[19] Jerˇa´bek, E. Independent bases of admissible rules. Logic Journal of the IGPL
16, 3 (2008), 249–267.
[20] Jerˇa´bek, E. Canonical rules. J. Symbolic Logic 74, 4 (2009), 1171–1205.
[21] Kleene, S. C. Introduction to metamathematics. D. Van Nostrand Co., Inc.,
New York, N. Y., 1952.
[22] Kracht, M. Book review of [37]. Notre Dame J. Form. Log. 40, 4 (1999), 578 –
587.
[23] Kracht, M. Modal consequence relations. In Handbook of Modal Logic, P. Black-
burn and et al., Eds., vol. 3 of Studies in Logic and Practical Reasonong. Elsevier,
2007, ch. 8, pp. 491 – 545.
[24] Lorenzen, P. Einfu¨hrung in die operative Logik und Mathematik. Die
Grundlehren der mathematischen Wissenschaften in Einzeldarstellungen mit
besonderer Beru¨cksichtigung der Anwendungsgebiete, Bd. LXXVIII. Springer-
Verlag, Berlin-Go¨ttingen-Heidelberg, 1955.
[25] Lorenzen, P. Protologik. Ein Beitrag zum Begrndungsproblem der Logik. Kant-
Studien 47, 1 – 4 (Jan 1956), 350 – 358. Translated in P. Lorenzen Constructive
Philosophy (Univerisity of Massachusettes Press, Amherst, 1987, pp. 59 – 70).
[26] Mints, G. Derivability of admissible rules. J. Sov. Math. 6 (1976), 417–421.
Translated from Mints, G. E. Derivability of admissible rules. (Russian) Investiga-
tions in constructive mathematics and mathematical logic, V. Zap. Nauchn. Sem.
Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 32 (1972), pp. 85 - 89.
[27] Muravitsky, A. Logic KM: A Biography. In Leo Esakia on Duality in Modal and
Intuitionistic Logics, G. Bezhanishvili, Ed., vol. 4 of Outstanding Contributions to
Logic. Springer Netherlands, 2014, pp. 155–185.
[28] Novikov, P. S. Konstruktivnaya matematicheskaya logika s tochki zreniya klas-
sicheskoi [Constructive mathematical logic from the point of view of classical logic].
Izdat. “Nauka”, Moscow, 1977. With a preface by S. I. Adjan, Matematicheskaya
Logika i Osnovaniya Matematiki. [Monographs in Mathematical Logic and Foun-
dations of Mathematics] (in Russian).
[29] Odintsov, S., and Rybakov, V. Unification and admissible rules for paracon-
sistent minimal Johanssons’ logic J and positive intuitionistic logic IPC+. Ann.
Pure Appl. Logic 164, 7-8 (2013), 771–784.
[30] Pogorzelski, W. A. Structural completeness of the propositional calculus. Bull.
Acad. Polon. Sci. Se´r. Sci. Math. Astronom. Phys. 19 (1971), 349–351.
[31] Prucnal, T. Structural completeness of Medvedev’s propositional calculus. Rep.
Math. Logic, 6 (1976), 103–105.
[32] Rozie´re, P. Re´gles admissibles en calcul propositionnel intuitionniste. PhD thesis,
Universite´ Paris VII, 1992.
[33] Rybakov, V. V. A criterion for admissibility of rules in the modal system S4 and
intuitionistic logic. Algebra i Logika 23, 5 (1984), 546–572, 600.
14
[34] Rybakov, V. V. Bases of admissible rules of the modal system Grz and intu-
itionistic logic. Mat. Sb. (N.S.) 128(170), 3 (1985), 321–338, 446.
[35] Rybakov, V. V. Problems of admissibility and substitution, logical equations
and restricted theories of free algebras. In Logic, methodology and philosophy of
science, VIII (Moscow, 1987), vol. 126 of Stud. Logic Found. Math. North-Holland,
Amsterdam, 1989, pp. 121–139.
[36] Rybakov, V. V. Admissibility of rules of inference, and logical equations in
modal logics that axiomatize provability. Izv. Akad. Nauk SSSR Ser. Mat., 54
(1990), 357–377.(In Russian)
[37] Rybakov, V. V. Admissibility of logical inference rules, vol. 136 of Studies in Logic
and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam,
1997.
[38] Rybakov, V. V. Construction of an explicit basis for rules admissible in modal
system S4. MLQ Math. Log. Q. 47, 4 (2001), 441–446.
